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1. Integrate the function H(z,y,2) = yz over the part of the sphere z? + 3> + 2% = 4
that lies above the cone z = \/x? + 32.

Solution. Substituting the equation of the cone z = /22 + y? into the equation of
the sphere, we obtain
20 +yt) =4 =22 +y* =2

and hence the region of integration €2 is the disk of radius v/2 in the zy-plane. We
will use the level set method in evaluating the integral (similar to Example 4 of
Lecture notes 16 from the course website). Let F(x,y,2) = 2% + y*> + 22 — 4. Then
the gradient is

VF = (22,2y,22),|VF| = (4(2* + 4> + z2))1/2 = (4- 4)1/2 _y
and so
VPl _ 4 _ 4
\F|  [22] 22

since z > 0 in this case. Therefore the integral is

4
// Hdo = // yz—dxdy
S Q 2z
:// 2uydzdy
Q

2T \/5
= / / 212 sin OdOdr
0 0

[ty X 1| =

27 _
2 r=v2
= / Zr3sin 6 db
0 3 r=0
4\/§ 0=2m
= B COS ‘ = 0.

2. Compute the flux of the vector field
F=y%+22j—k
outward (normal away from the z-axis) through the conical surface S defined by

z=v222+y? 0<z<2.
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Solution. Using the change of variables = v/2r cos 6,y = 2rsin 6, then 22241 =
472 cos? +-4r? sin? @ = 4r* for r > 0 and 6 € [0,27]. Then on S, z = /222 + y2 = 2r
and so the range 0 < z < 2 gives the range 0 < r < 1. Then the parametrization of
S in (r,0) is given by

r(r,0) = (ﬂrcos&,?rsin@,%), 0<6<2mr,0<r<1
with
r, = (V2cos,2sin 6, 2)

ro = (—V2rsinf, 2r cosf,0)
r, X 19 = (—4r cosf, —2v/2rsin, 2v/2r)

however, observe that this cross product points inwards towards the z-axis and so
we instead take the vector —(r, X rg) = (47 cos ¥, 24/2r sin @), —2\/§r). Then the flux
is

/SF ‘ndo — /Ozﬂ /OlF(r(r, 0)) - — (v, x 1)drdod

2m 1
= / / (4r%sin? 0, 2v/2r2 cos 0, —1) - (47 cos 0, 2v/2r sin 0, —2v/2r)drdf
o Jo

2 1
= / / (167"3 sin? 6 cos 6 + 83 sin 6 cos § + 2\/57“) drdf
0 0

r=1

do

r=0

27
/ <4r4 sin® @ cos 0 + 2r*sin 0 cos § + \/57“2)
0

27
/ (4sin? 0 cos O + 2sin 0 cos 0 + V/2)db
0

0=2m

4
3 sin® 0 + sin? 6 + \/59) ’
2\/§7r.

0=0

<

3. Let S be the portion of the cylinder y = e* in the first octant that projects parallel
to the z-axis onto the rectangle R,.:

in the yz-plane. Let n be the unit vector normal to S that points away from the
yz-plane. Draw a picture of S and find the flux of the field

F(x,y,z) = —2i+2yj + zk

across S in the direction of n.

Solution. The drawing of S and R, is below.
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Figure 1: Drawing of S and R,..

We can parametrize S by r(z, z) = (x,e”, z). Then

r, = (1,e°,0), r,=(0,0,1),
r, Xr, = (e°,—1,0), |ryxr.]=v1+e*

and since for x > 0 (we are in the first octant), e* > 0 and hence the normal

r, Xr, . )

n= m indeed points away from the yz-plane. Then we have that the flux
ry Xr,

is given by

// F - ndo = // F(r(z,2)) - (r, x r,)dzdz
S Tz
In(2) 1
= / / (—2,2¢%, 2) - (€%, —1,0)dzdx
0 0
In(2) 1
= / / —4e*dzdx
0 0
In(2)
= / —4de"dz
0

z=In(2)

<

4. Recall that for a parametrized surface r : 2 — S with coordinates (u,v) on €, the

area is computed by
Area(S) = //Hru X 1, ||dudv.
Q
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Check that Area(S) is independent of choice of parametrization: Suppose that g :
() — S is another parametrization of S with coordinate (s,t) on €', then

//Hru X 1, ||dudv = // g, x g;lldsdt.
Q o

(Hint: By our standing assumptions on parametrized surfaces, g, r are bijective, and
g lor and r! og are continuously differentiable. Use change of variable formula
for integrals.

Solution. Let f =r'og: Q) — Q be the change of variables (s,t) to (u,v), so
(u,v) = f(s,t). Since g =r of, we have g(s,t) = r(u,v). Then by the chain rule,
we have

8s = Tugy + Loos

g = rua + I‘ua-

Then by linearity of the cross product, we have

X = r@—l—r@ X r@—i—r@
s X B = \Tupgg T, “at "ot

ou 0w ou o
0s Yot
ov ou @ ov

= (ry x r,)detJg
where J; is the change of variables matrix. Then taking norms we have
g5 X &l = llru > 1y [|det J¢.

Finally, we see that

// g, % g;||dsdt = // vy X r,|||detJg|dsdt
o 0%
= //Hru X 1, ||dudv
Q

where we used the change of variables formula in the last line above. <

5. Verify Stokes” Theorem for the vector field
F=2zyi+zj+ (y+ 2)k

and the surface S defined by z = 4 — 22 — 4%, z > 0, oriented with the unit normal n
pointing upward. (Compute both sides of Stokes’ theorem directly and check that
they are equal.)
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Solution. For the left-hand side, the boundary C of S is given by 0 = 4 — 22 — ¢,
i.e., the circle of radius 2. We parametrize C' by

r(f) = (2cos6,2sin6,0), 6 € [0,2n]

with
r'(0) = (—2sinf,2cosb,0).

So the contour integral is
2
j’{ F.dr — / F(x(0)) - v'(0)d0
c 0
2
= / (8cosfsinb,2cosh,2sinf) - (—2sinb,2cosb,0)dd
0

2
:/ (—16 cos §sin® § + 4 cos® §)df
0

1 0= 27r 0 0=2m
:——631n 9‘ (——l—sin@cosH) ’
2 6=0

= 4.

For the right-hand side, we first compute the flux of F. We have

i J k
9 9 d
VxF= B 2y B
20y x y+=z
9 9 o 9 9 9
— oy 0z _ | oz 0z ox oy
(a; y+z|" [2zy y+z| |22y x)
=(1,0,1 — 2x).

To parametrize the surface S, we use cylindrical coordinates. Let x = rcosf,y =
rsin®, 0 € [0,2n]. Then the equation z = 4 — 2% — > = 4 — r? and the range z > 0
becomes 0 < r < 2. Then the surface S is given by the parametrization

r(r,0) = (rcosf,rsinf,4 —r?)
r. = (cosf,sinf, —2r)

rg = (—rsinf,rcos,0)

r, X 1y = (2r*cosf,2r’sinf,r)

where the cross product is pointing upward since r > 0. Then the surface integral

//S(V x F)-ndo = /:W /02(v x F)(x(r,0)) - (x, x 1)drdd

2m 2
= / / (1,0,1 — 2rcos®) - (2r* cos 0, 2r* sin 0, r)drdf
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which we verify matches the value of the integral on the left-hand side.



